We revisit a seismic scattering as a key physical process to be considered in the processing of multiparameter seismic full waveform inversion (FWI). FWI implicitly uses seismic scattering theories based on the assumption that the contrast in seismic velocities is weak at each location of medium inhomogeneities since the fundamental equation of FWI comes from the perturbation theory. Since each perturbed location is considered as a point elastic scatterer, we try to relax the assumption of low contrast in elastic parameters at the scatterers by means of elastic scattering theories. In mathematics, a "point" does not have any volume so that it could not have any elastic parameters. We therefore start with a homogeneous spherical inclusion as a heterogeneous volume that has arbitrary contrast to the surrounding medium. The problem is nothing but a Rayleigh scattering of seismic waves that has exact solutions to incident compressional and shear waves without any assumption in the spherical inclusion case. After taking the smallest limit of the spherical inclusion, scattered waves are expressed by a polynomial of the finite number of terms with the Dirac's delta function for incoming both compressional and shear waves to the point scatterer. Our results show that the scattered waves are similar to what has been obtained for a weak contract case but differs in terms of the combination of elastic parameters. Based on our results, we think our solution to the inhomogeneous wave equation could directly be applied to FWI for arbitrary contrast in elastic parameters like that from the conventional perturbation theory for weak contrast case.
Introduction
In the current practice of full waveform inversion, seismic velocities are the primary objectives of data analysis stated: "the main objectives of full waveform inversion (FWI) is to build a highresolution velocity model." 1) Seismic velocities are influenced by the other dynamic parameters such as elastic moduli and density, etc., of materials and the extension of FWI to coommodate the influence of density 2, 3) has recently been tried, too. The choice of parameters and processing flow is a key in these multi-parameter FWI [1] [2] [3] , it has been reported necessary to maneuver the path to the optimum minimum in the presense of local minima in the multi-parameter least-squares norm space. The fundamental equations for FWI have been proposed in the early pioneer work using the perturbation theory 4, 5) . The perturbation theory assumes weak heterogeneity or low contrast in elastic properties, i.e., low-contrast condition between anomalous bodies and the surroung media. The anomalous bodies become secondary sources of seismic waves in response to incident seismic waves. The physical process is called seismic scattering caused by the heterogeneous anomalous materials. Scatterred seismic waves have been used as signals generated at bodies whose seismic velocities are different from the surrounding media.
Researches on FWI now move on to more complex structure using elastic properties of subsurface material in complex structure that may not assure the low-contrast condition. Arbitrary contrast condition needs to be considered in FWI to deal with really "heterogeneous" anomalies that could exist in the subsurface. For future application of FWI, Also, as far as the parameters being directly estimated in FWI are seismic compressional and shear velocities, the difference in the radiation pattern of scattered waves caused by these velocities may not be well exploited since these velocities are interrelated through intervening varibles such as elastic moduli and density. Compressional and shear velocities are mathematically not independent from each other. It is, therefore, necessary to consider the dependency of parameters being directly estimated in FWI as well as the arbitrary condition.
In this paper, we try to accommodate both the arbitrary condition and the parameters indipendent from each other. For these objectives, we revisit a seismic scattering problem for a spherical inclusion of heterogeneous material in a homogeneous medium 6) . We found the exact solutions to the scattering problem could be used as a Green's function to a point scatterer of arbitrary condition after taking the smallest limit of the radius of the sphere 7) . These Green's functions satisfies inhomogeneous Helmholtz equations and could directly be applied to the Rayleigh-Sommerfeld Integral equation that are commonly used in seismic migration, diffraction tomography, or any other back-propagation techniques. The equation could readily extended to multiple scattering problems using a Born series.
Elastic Scattering
For an elastic medium that includes a spherical heterogeneous scatterer at the origin of the spherical coordinate system ( , , ), an inhomogeneous wave equation in the frequency domain is expressed as follows in the elastic medium outside of the inclusion for incident elastic waves.
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( 1) where , and denote the position vector in the spherical coordinate system, a scaler displacement potential and one of the components of a vector displacement potential, respectively. ( and . are the wavenumbers for compressional and shear waves, respectively. ( , . , ( and . are the functionals to express the interaction of incident waves and the spherical scatterer.
We assume the bulk modulus , two Lame's constants, and , and the density to the elastic medium, and the contrasts to these parameters to be Δ , Δ , Δ , and ∆ , respectively, to the spherical inclusion.
When the radius of the spherical scatterer is small, i.e., ( ≪ 1 and . ≪ 1 , compared to the wavelength of both compressional and shear waves incident to the inclusion, the solutions of eq.(1) have been obtained 6, 7) to represent the Rayleigh scattering. Two series solutions to eq. (1) have the following form. The first order Born approximation simplifies eq. (2) to the following equations.
In eq. (3), (9) and (9) represent incident compressional and shear waves, while (>) and (>) single scattered. Taking the smallest limit of the radius, we get an equivalent body force component to each contrast in the elastic moduli and in density.
(1) A plane compressional wave incidence
The scattered waves from the point scatterer located at the origin of the homogeneous medium could be obtained from the following inhomogeneous wave equations for a plane compressional wave, i.e., (9) = 0, travelling in a single direction.
where ( ( and .
( denote the magnitudes of the equivalent body forces that generate scattered wavefields, and are expressed in the following equations. For simplicity, we assume the place wave travels in z direction in 3D Cartesian coordinates ( , , ). indicates the secondary source located at the point scatterer of arbitrary contrast in elastic parameters for a plane compressional wave incidence. The body forces representing the above 5 coefficients are shown diagrammatically in Fig. 1 . Finally, the scattered wavefields are expressed by the following equations. 
(2) A plane shear wave incidence
The scattered waves from the point scatterer located at the origin of the homogeneous medium could also be obtained from the following inhomogeneous wave equations for a plane shear wave, i.e., (9) = 0, travelling in z direction.
( denote the magnitudes of the equivalent body forces that generate scattered wavefields. Given that the incident shear wave is polarized in x direction, the scattered wavefields are expressed in the following equations. indicates the secondary source located at the point scatterer of arbitrary contrast in elastic parameters for a plane shear wave incidence. The body forces representing the above 4 coefficients in eq. (7) are shown diagrammatically in Fig. 2 . Scattered wavefield could be estimated as for the compressional wave incidence. The advantage of these functions is that each term in each of eq. (5) and (7) is orthogonal to the other term(s) because of the orthogonality of the associated Legendre function. 
Multiple scattering
We started with the series solution in eq. (2) to solve the inhomogeneous equation in eq. (1). For simplicity, we first introduced the first order Born approximation that is equivalent to the assumption of single scattering. When multiple scattering process is considered, the scattering equations in the above should be extended as follows.
A general form of the multiple scattering is given in eq. (1) . Substituting the potentials in eq. (1) with eq. (2), we may obtain recursive formula for the multiple scattering process with the following set of equations under the assumption of (`G>) ≫ (`) and
where is the order of scattering or the Born series. The above equations would be solved using Rayleigh-Sommerfeld integral equation of the form hereafter.
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The convergence of the series would be assured if and only if the assumption of higher order scattering being of lower magnitude and of numerical stability.
Discussion
FWI is a technique that draws the most attention from exploration geophysicists as a method of highresolution velocity estimation using observed seismic signals. Wave propagation is one of the major physical processes frequently exploied to visualize invisible structure in exploration geophysics. Reflection, defraction, refraction or transmission of waves in the suvsurface could bring additively the knowledge on both kinematic and dynamic parameters of materials where the waves pass through. FWI has been developed based on the perturbation theory that is nothing but seismic scattering due to inhomogeneties. The effects of the wave scattering have been of interest not only to locate the location but to estimate the physical properties of inhomogeneities of the medium in the subsurface. The theory should be the same and could be unified for both FWI and seismic scattering 13) . The radiation patterns of scattered waves to incident compressional and shear waves were estimated including arbitrary contrast in the parameters of elastic moduli and density for the inclusion of finite volume, for example a sphere 4, 6) . The first order Born or Rylov approximation is used to solve the inhomogeneous Helmholtz equation under the assumption of weak inhomogeneites, i.e., implicit low-contrast condition with two Lame's constants and density. When the order of such inhomogeneities increases, approximation formula proposed in the thick literature based on the assumption of weak contrast may break up, and we need to think about arbitrary contrast to the inhomogeneities in the medium while keeping the energy of scattered waves smaller than that of the incident. The introduction of the Rayleigh scattering seems a good starting point in this regard.
Although the radiation pattern of secondary seismic source has been discussed [1] [2] [3] [4] 9, 10) , the orthogonality of spherical Legendre function has not been well recognized since the perturbation theory, which founded the basis of FWI, may not provide the patterns orthogonal to each other. The utilization of spherical inclusion or the Rayleigh scattering enables the use of equivalent body forces that generate wavefield orthogonal to each other after the integration over a closed surface surrounding the location of the forces.
There is discussion how to accommodate multiple scattering processes 1, 10) as the enery of scattered energy becomes non-negligible compared to the incident. Although seismic migration or the other diffraction tomography techniques have been developped on the basis of single scattering theories, the assumption of single scattering could be easily violated depending on the frequency contents of seismic signals and the scattering intensity. The situation to raise the frequency contents to higher part could take place when trying to enhance the resolution in structural studies. In these cases, the problem of multiple scattering must be considered.
Multiple scattering theories on seismic waves have extensively studied and was reported as an important process in forming waveforms or seismic envelope 11, 12) in the analyses of short wavelength seismic waveforms. The importance of multiple scattering processes is clear to seek a tie between wave-theoretical exploration schemes and the analyses of the above short-wavelength multiple scattering theories.
Conclusions
We have driven body forces that represent elastic scattering phenomena for a "point" scatterer of arbitrary contrast in elastic parameters to the surround medium. We started from the spherical inclusion of heterogeneous material and took the smallest limit of the radius of the sphere. Our results showed that the scattering waves are caused by the following body forces: a dilatational source, a point force, and a single couple for an incident compressional plane wave, and a point force and a double couple for an incident shear plane wave.
We then formulated multiple scattering after introducing higher order terms of Born series.
